To understand the direct J/ψ + X non−cc production mechanism in e + e − annihilation, in this work, we propose to measure the inclusive J/ψ plus light hadrons (LH) production at B-factories and present a detailed study on its QED production due to ψ(2S) feed-down, where the ψ(2S) are produced in e + e − → ψ(2S) + γ and e + e − → ψ(2S) + ff , f = lepton, lightquark, and QED contribution to direct J/ψ + qq production with q = u, d, s quark. We find that the QED contribution is huge in the whole phase space region, but can be reduced largely and is in the same order as the QCD contribution when a suitable cut on the angel θ J/ψ between J/ψ and the e + e − beam is made. In this way, the cross section of J/ψ + LH QCD production can be obtained by subtracting the QED contribution from the experimental measurement on inclusive J/ψ plus light hadrons. To help to remove the QED background, we also calculate the angular and momentum distribution of J/ψ in the QED contribution.
I. INTRODUCTION
The development of the non-relativistic QCD (NRQCD) effective field theory [1] provides a powerful tool to study the production and decay of heavy quarkonium states that are constituted by one heavy quark (Q) and one heavy anti-quarkQ. The virtual difference between NRQCD and the conventional color-singlet model (CSM) is that it allows the contribution of QQ state in the color-octet (CO) configuration at short-distance which finally evolves into heavy mesons through emission of soft gluon(s) non-perturbatively. This is refereed as the CO mechanism (COM). The role of the COM has been extensively studied in various high energy environments, for reviews see Ref. [2] .
Among them, the J/ψ production in e + e − annihilation at B-factories (the Babar and Belle) have attracted considerable solicitude in recent years. Experimentally, the cross section for inclusive J/ψ production was reported by the Babar [3] and Belle [4] collaborations in 2001. Belle collaboration further divided the inclusive J/ψ production rate into two pieces: (a) e + e − → J/ψ + cc part a , (b) e + e − → J/ψ + X non−cc part, and measured them separately [5, 6] . The latest results reported by the Belle are [6] σ(e + e − → J/ψ + X) = 1.17 ± 0.02 ± 0.07pb,
σ(e + e − → J/ψ + cc + X) = 0.74 ± 0.08
σ(e + e − → J/ψ + X non−cc ) = 0.43 ± 0.09 ± 0.09pb.
In the case of J/ψ + cc production, where the the CO contribution is found to be very small [9] , there were large discrepancies between Belle results and NRQCD predictions at leading order (LO) in α s and v [8] [9] [10] , where v is the relative velocity between c andc in the meson rest frame. These puzzles are now largely resolved after taking into account the next-to-leading order (NLO) QCD corrections [11, 12] and the relativistic corrections [13] . In contrast, in the J/ψ + X non−cc production case, the contribution of the CO e + e − → cc( 1 S 8 0 , 3 P 8 J ) + g [14] [15] [16] [17] process is expected to be significant and even larger than that of the CS e + e − → cc( 3 S 1 1 ) + gg process. At LO, the cross sections of the CO and CS processes are predicted to be about 0.3 ∼ 0.8pb and 0.2 ∼ 0.3pb [8, 18] , respectively.
a Here the J/ψ + cc includes both the exclusive double charmonium production process and the J/ψ production process in association with charmed hadrons , and the cross section for double charmonium production process was also reported by Babar collaboration later [7] .
Recently, the k-factor of their NLO QCD corrections were found to be about 1.3 [19, 20] and 1.9 [21] correspondingly, and what's more the relativistic corrections can also enhance the LO CS result by about 20% − 30% [22, 23] . Then up to the NLO of α s and v 2 , the cross section of the CS contribution itself can reach about 440 ∼ 560fb [22] . which almost saturate the Belle measurement and leave very little room for CO contribution. So in e + e − → J/ψ + X non−cc process, there is a large conflict between NRQCD prediction and Belle current measurements. By setting the CS contribution into zero, the upper limit of the CO matrix elements is obtained [21] 0|O(
However, in some other processes of J/ψ production, the recent theoretical calculations
shown that the CO contribution is important. For example, (a) for J/ψ production from Z decay, the CS result at QCD NLO [24] , can only account for one-half of the experimental data and the other half might be attributed to the CO contribution; (b) for J/ψ production in Υ decay, there is large gap between CS contribution [25] and the experimental result; (c) for J/ψ photoproduction at HERA, the transverse momentum (p t ) distribution and the polarization parameters of J/ψ can not be well described by the CS channel at QCD NLO alone as well [26, 27] , and the NRQCD prediction that includes both the CO and CS contributions can give a well description of the J/ψ p t distribution when the NLO QCD corrections are taken into account [28] ; (d) for J/ψ hadroproduction, despite of the huge NLO QCD corrections [29] [30] [31] , the CS contribution still can not explain the experimental measurements, and the role of the COM is significant [32] [33] [34] [35] . By fitting the J/ψ hadroproduction data with the complete NRQCD results at QCD NLO, including both the CS and CO contributions, two different sets of constraint for the CO matrix elements are obtained, which are 0|O( [34] , and [35] . Although these two results
are not consistent with each other, both of them exceed the upper limit given in Eq.(2). In particular, the former one is three times larger than the limit in Eq. (2) . These studies yield almost completely opposite conclusion about how large the CO contribution is, or in other words, how large the values of the CO matrix elements could be.
After comparing the results of the Babar and Belle with the theoretical calculation meticulously, we find that there are some uncertainties which can potentially have large impact on the current conclusion. One is that the Babar measurement on J/ψ inclusive production cross section [3] is about two times larger than that of Belle [6] . If we subtract the measurement of the Belle σ(J/ψ + cc + X) = 0.74pb, which is well understood theoretically, It may has little influence on the measurement of σ(e + e − → J/ψ +cc) [6] , but large influence on that of σ(e + e − → J/ψ + X non−cc ) from the non-perturbative hadronization mechanism of gluons. To reduce the uncertainties mentioned above and understand the J/ψ + X non−cc production mechanism, we suggest to measure the cross section of J/ψ + light hadrons (LH) production by the Belle and Babar collaborations with the same kinematic criteria, which can be compared with the theoretical prediction directly.
Besides the interesting conventional QCD contribution, there are also large QED backgrounds due to ψ(2S) → J/ψ + ππ b , where ψ(2S) is produced in the initial state radiation (ISR) process e + e − → ψ(2S) + γ and higher order QED processes e + e − → ψ(2S) + ff (f can be lepton or light quark), and direct J/ψ production in the e + e − → 2γ * → J/ψ +process with q = u, d, s quark. To help to remove them, in this work, we will present a detailed study about the ψ(2S) and J/ψ +productions in the QED processes and their influence on the J/ψ + LH measurement.
II. FRAMEWORK OF CALCULATION
For the process of J/ψ + ππ production from ψ(2S) feed-down, the Feynman amplitude M can be generally written as:
b ψ(2S) can also decay into J/ψ + η. However the branching ratio is more 15 times smaller than the 2π channel, so we do not take it into account in our calculation.
where
are the Feynman amplitudes for ψ(2S) production with momentum P 2S and ψ(2S) decay into J/ψ + ππ respectively, and Γ is the total decay width of ψ(2S). Using narrow width approximation
it is straightforward to obtain the expression for the corresponding cross section which is factorized as the product of the cross section of ψ(2S) production and the branching function of ψ(2S) → J/ψ + ππ:
where LIPS 1 is the phase space of ψ(2S) production, LIPS 2 is the phase space of ψ(2S)
decay into J/ψ + ππ, and J = 1 is the spin of ψ(2S).
We use the effective Lagrangian that is constructed in Ref. [39] to describe ψ(2S) → J/ψ + ππ. The amplitude M (ψ(2S)→J/ψ+ππ) can be read directly from the Lagrangian
where 
or g = 0.319,
For the processes considered, M (ψ(2S)→J/ψ+ππ) is common, so we essentially only need to compute M 2S . In the non-relativistic limit, for the QED process of e + e − → ψ(2S) + X the c These parameters can also well reproduce the decay width of ψ(2S) → J/ψ + π 0 π 0 . factorization formula in CSM and NRQCD are equivalent, and the amplitude M ψ(2S) can be written as:
where M is the standard Feynman amplitude for e + e − → c i (
, s 2 ) + X, 3i;3j|1 = 1/ √ N c and s 1 ; s 2 |1 S z are the SU(3)-color and SU(2)-spin Clebsch-Gordan coefficients for cc projecting on the CS spin-triplet S-wave state. The projection of Dirac spinors can be re-expressed as:
C 2S can be related to the ψ(2S) wave function at origin by C 2S = 
The typical Feynman diagrams for the ISR process e + e − → ψ(2S) + γ followed by ψ(2S) → J/ψ + ππ are shown in Fig.(1a) . Using the formula introduced in Eq.(5-8), we compute |M(e + e − → ψ(2S) + γ)| 2 analytically and obtain and the e + e − beam. In the limit of r e = 0, Eq. (12) can be simplified as:
Setting M 2S = 3.686GeV, m e = 0.51MeV, α = 1 137
, and using Γ(ψ(2S) → e + e − ) = 4.30keV, we get
And the feed-down production
which, as expected, is huge. This is because in the limit of m e → 0, there will be collinear
is shown in Fig.[2] . It can be found from Fig.[2] that the differential cross section drops down very fast when ψ(2S) goes off the beam line a little.
If we make a cut on x 2 , i.e the angle θ ψ(2S) , the cross section will be reduced largely. The cross sections in different cut conditions are given below:
<θ ψ(2S) < ISR process (Eq. (15)) is more than 10 times larger than that of the CS QCD process [22] , and a tiny difference may potentially result in a considerable effect. In this work, we calculated it directly. In the CMF, x ′ 2 = cos(θ J/ψ ), can be expressed as:
where k 1 is the four-momentum of e + , L is the Lorentz transformation from ψ(2s) rest frame to the CMF. p ′ J/ψ is the J/ψ four-momentum in the CMF. To do the calculation, the formula for the decay ψ(2s) → J/ψ + ππ and ψ(2s) production are placed in the numerical phase space integration program generated by using the Feynman Diagram Calculation (FDC) package [42] , in which the Lorentz transformation and the cut conditions are employed in the numerical calculation. The decay ψ(2s) → J/ψ + ππ is calculated by using Eq. (6) with
and M π 0 = 135MeV. When parameter set in Eq. (7) are used, the cross sections in different cut conditions are
<θ J/ψ < 17π 18 = 1.51pb; (18a)
<θ J/ψ < 8π 9 = 0.99pb; (18b)
Alternatively, if we choose the parameter set in Eq.(8), the corresponding cross sections become:
<θ J/ψ < 8π 9 = 1.00pb; (19b)
The numerical results in Eq. (16, 18, 19) show that for J/ψ + ππ production from the ISR ψ(2S) feed-down process the approximation
holds very well in the range of π/9 < θ J/ψ < 8π/9 at √ s = 10.6 GeV, and the J/ψ angular distribution is almost not dependent on the details about how ψ(2S) decays into J/ψ +ππ. Hence the angular distribution of J/ψ can be safely obtained by using the angular distribution of ψ(2S) in the interval π/9 < θ J/ψ < 8π/9 with an additional renormalization factor of branching ratio of ψ(2S) → J/ψ + ππ.
Because the energy difference between ψ(2S) and J/ψ is at the same order as the energy of the soft gluon emitted from the CO cc(
, which is of m c v 2 order, there is a large overlap between the kinematic region of the J/ψ coming from ISR ψ(2S) feed-down and that of the J/ψ produced in the CO process. To measure the CO J/ψ production, it is helpful to know the momentum distribution of J/ψ production in the feed-down from the ISR ψ(2S) process. We calculate it numerically with different cut conditions of θ J/ψ by using the two set of parameters in Eq. (7, 8) , and the results are given in Fig.[3(a)-3(d) ].
The results in Fig.[3(a)-3(d) ] show that similar to the angular distribution, the momentum spectra give almost same results for those two different parameter sets. Hence for simplicity, we only choose the parameter set in Eq. (7) in the following calculations.
IV. BACKGROUND FROM HIGHER QED PROCESSES
In direct J/ψ production, the background coming from higher QED processes e + e − → J/ψ + f +f is also considerable [38] , where f can be lepton or light quark, and therefore the feed-down background from e + e − → ψ(2S) + f +f can not be ignored too. The typical Feynman diagrams for f = e are shown in Fig.(1b) and Fig.(1d) . When f = e, there are additional t-channel diagrams, the typical one of which is shown in Fig.(1c) . Because of this t-channel enhancement, the cross section for f = e is expected to be much larger than f = e case. We will discuss f = e and f = e cases separately in the subsections. At this order, in addition to the ψ(2S) feed-down, there is also sizable QED contribution from direct J/ψ +qq production with q = u, d, s quark, about which we will discuss in subsection C.
A. The Feed-Down Background From e + e − → ψ(2S) + e + e − According to the interaction type of the initial e + e − , we divide the e + e − → ψ(2S) + e + e − process into three part: the t-channel part (Fig.(1c) ), the two-photon channel part (Fig.(1b) ), and the s-channel part (Fig.(1d) 
which are consistent with the qualitative estimation. The contribution of the s-channel part is only ∼ 1 fb order, which is about three times order less that the t-channel contribution, so we drop it in the later analysis.
If we make the same cut on the θ J/ψ , σ T and σ TP both drop down largely too:
The angular distribution of ψ(2S) in the t-and two-photon channel parts are shown in Fig.[4] . We find that in π/9 < θ J/ψ < 8π/9 region the angular distribution of the J/ψ production from feed-down can be obtained by using that of ψ(2S) as well with an additional renormalization factor of Br(ψ(2S) → J/ψ + ππ). Unlike the ISR process, p J/ψ ranges from 0 to 4.7 GeV, and the momentum spectra of J/ψ for the the t-and two-photon channel parts are shown in Fig.[5] .
We also calculate the interference between the t-channel part and the two-photon part and find it is very small. The cross section of the interference part for (J/ψ+ππ) ψ(2S) +e + e − ) is about −20fb in the whole phase space region. After including the interference part, the total cross section in different cut conditions of θ(J/ψ) are
The angular distribution of ψ(2S) and momentum distribution of J/ψ for the whole process can be approximately obtained by adding the t-and two-photon channel contribution together respectively, because the interference effect is very small.
B. The Feed-Down Background From e + e − → ψ(2S) + ff (f = e)
The process e + e − → ψ(2S) + ff (f = e) has been fully studied in Ref. [43] . We also compute it independently and obtain consistent results: If we make the same cut on the θ J/ψ , the cross section becomes:
The cross sections in different cut regions are within only about 0.020pb, which are about 4 ≃ 6 times less than those in the e + e − → ψ(2S) + e + e − process, so small that we will not present further analysis here, and recommend Ref. [43] for more detailed results.
C. The Background From e + e − → J/ψ + qq
The Feynman diagrams for the e + e − → J/ψ +process are similar to those for e + e − → ψ(2S) +process. Since in the ψ(2S) production process the contribution of the s-channel diagrams can be ignored, for the same reason, we will not consider it here too. The cross section of the e + e − → J/ψ +has been calculated in Ref. [43] , which is also considerable.
Using the method introduced in Ref [43] , we calculate the cross section with different cut 
The J/ψ angular and momentum distribution are shown in Fig.[6] . Note the difference between our results and those in Ref. [43] is due to the different choice of the parameters and the amount of data samples used in the R-value curve [41] .
V. DISCUSSIONS AND CONCLUSIONS
Summing up the feed-down contribution from the ISR and ff processes and the contribution of direct J/ψ +production, the total QED background cross section are about
which is more than one order of magnitude larger than the cross section of the conventional QCD production e + e − → J/ψ + LH [8, [19] [20] [21] . Such huge background make it difficult to measure the QCD contribution in the whole phase space region. However, the background in the off beam region will drop down deeply. The cross section of the QED background in different cut regions are:
<θ J/ψ < 8π 9 = 1.14pb; (28b)
In NRQCD, the conventional J/ψ + LH production includes the both the CS and the CO contribution. For the CS process e + e − → J/ψ + gg, both the NLO QCD corrections [19] and relativistic corrections [22, 23] have been calculated. The cross section is found to be 0.4 ∼ 0.7 pb at NLO in α s and v 2 c [19, 20, 22] . The NLO QCD corrections to the CO contribution have also been obtained [21] . If we choose 0|O(
GeV 5 , which are obtained by a global fitting of J/ψ production data [44] , the cross section of the CO contribution at α s NLO will be about 0.3pb at µ = 2m c , α s (µ) = 0.245. Then the total NRQCD prediction for the conventional J/ψ + LH production will be about 0.7 ∼ 1.0pb. Unlike the QED background, the cut on θ J/ψ , for example π/9 < θ J/ψ < 8π/9, will only have a minor influence on the conventional QCD cross section σ QCD , because both the CS and CO contribution do not depend strongly on θ J/ψ [14, 20] . Therefore, we conclude that in a suitable cut condition of θ J/ψ , the cross section of the conventional QCD process can be in the same order as the background cross section. Furthermore, the results in [21] shown that CO contribution mainly assemble in the kinematic end point region, while the CS contribution is distributed in the whole region of 0 < p J/ψ < 4.85GeV, so to study the CO contribution, it can be further required p J/ψ > 3GeV in the measurement. Such a requirement will reduced the CS contribution by about 50%, but has little affect on the CO and the QED background contribution. In our calculation, we determine the effective vertices of ψ(2S)γ * , J/ψγ * and ψ(2S) → J/ψ + ππ by fitting the experimental data and using the R-value to represent the effective vertex of γ *in the calculation of e + e − → J/ψ(ψ(2S)) +cross section, this
indicates that all the possible important higher QCD correction effects to the background are included automatically, which makes the uncertainties of our result very small. Based on the above analysis, we think further measurement of the J/ψ + LH production with a suitable cut condition of θ J/ψ and p J/ψ will be helpful to understand the role of the CO contribution to the J/ψ production mechanism in e + e − annihilation.
Recently the complete NLO QCD correction to the polarization of J/ψ hadroproduction were obtained by two groups [45, 46] . Due to their different ways of fitting the CO matrix elements, they got completely different conclusions. After taking into account the feed-down contribution of χ cJ and ψ(2S) states [47], the authors found that there is no solution to fit the p t distribution of the cross section and J/ψ polarization measured by CDF collaboration simultaneously. Understanding the J/ψ production at B-factories can also help to resolve the polarization problem of J/ψ hadroproduction.
In summary, we study the dominant background sources of J/ψ + LH production in e + e − annihilation, which include the ISR process e + e − → ψ(2S) + γ and higher QED process e + e − → ψ(2S) + ff , where f can be lepton or light quark, as well as the direct e + e − → J/ψ +process with q = u, d, s quark. We find that the cross section of the background process is very large in the whole phase space region. If we make a cut on the angle between J/ψ and e + e − beam, the cross section of the QED processes will reduced largely and become comparable to the cross section of the conventional QCD process. This indicates it is possible to measure the cross section of J/ψ + LH from conventional QCD production at B-factories.
